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Abstrat. Under Cramer's onjeture onerning the prime numbers, we
prove that for any ξ > 1, there exists a real A = A(ξ) > 1 for whih the
formula [An
ξ
] (where [.] denotes the integer part) gives a prime number for
any positive integer n. Under the same onjeture, we also prove that for any
ε > 0, there exists a real B = B(ε) > 0 for whih the formula [B.n!2+ε] gives
a prime number for any suiently large positive integer n.
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1. Introdution
Throughout this artile, we will let [x] denote the integer part of a giving real
number x; also, we will let (pn)n∈N denote the sequene of all prime numbers and we
will put ∆pn := pn+1−pn for any n ∈ N. Further, if A is a subset of R and x is a real
number, we will let A+x denote the subset of R dened by: A+x := {a+x|a ∈ A}.
In [4℄, W. H. Mills proved the existene of an absolute onstant A > 1 for
whih [A3
n
] is a prime number for any positive integer n and in [6℄, E. M. Wright
proved the existene of an absolute onstant α > 0 for whih the innite sequene
[α], [2α], [22
α
], . . . is omposed of prime numbers. Let us desribe the method used
by these two authors. They start from an upper bound of ∆pn as a funtion of
pn. Suh upper bound allows to onstrut an inreasing funtion h (more or less
elementary, aording to the used upper bound of ∆pn) suh that between any
two onseutive terms of the sequene (h(n))n, there is at least one prime number.
Setting fn := h◦ · · ·◦h (where h is applied n times), they dedue from the last fat,
the existene of a real onstant A for whih the sequene ([fn(A)])n is onsisted of
prime numbers.
By this method, Wright uses the upper bound ∆pn ≤ pn whih is nothing else
than Bertrand's postulate and Mills uses Ingham's upper bound: ∆pn ≤ p
5
8+ε
n
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(whih holds for any suiently large n ompared to a given ε > 0). The funtions
h whih derive from these upper bounds are h(x) = 2x for Wright and h(x) = x3
for Mills. Then the Theorems of [4℄ and [6℄ follow.
Notie that the more the upper bound of ∆pn is rened, the more the funtion h
is small and the more the obtained sequene of prime numbers grows slowly (remark
for instane that the sequene of Mills grows slower than the Wright's one). From
this fat, in order to have a sequene of prime numbers whih grows more slow
again, we must use upper bounds more rened for ∆pn. But up to now even the
powerful Riemann hypothesis gives only the estimate ∆pn = O(p
1/2
n log pn). A
famous onjeture (whih is little too strong than this last estimate) states that
between two onseutive squares, there is always a prime number (see [2℄). So,
aording to this onjeture, the funtion h(x) = x2 is admissible in the method
desribed above, whih we permits to onlude the existene of a onstant B > 1
for whih [B2
n
] is a prime number for any positive integer n. We thus obtain (via
this onjeture), a sequene of prime numbers growing slower than the Mills'one.
By leaning on heuristi and probabilisti arguments, H. Cramér [1℄ was leaded to
onjeture that we have ∆pn = O(log
2 pn); further it's known that ∆pn = O(log pn)
annot hold (see [5℄). Thus, by taking in the method desribed above h(x) = c log2 x
(c > 0), we obtain (via Cramér's onjeture) sequenes of prime numbers having
expliit form and growing muh slower than the Mills'one. The inonvenient in this
appliation is that the expliit form in question [fn(A)] is not elementary, beause
fn doesn't have (in this ase) a simple expression as funtion of n.
To ope with this problem, we were leaded to generalize Mills'method by onsid-
ering instead of one funtion h, a sequene of funtions (hm)m and in this situation
fn is rather the omposition of n funtions h0, . . . , hn−1. This allows fundamentally
to give for fn the form whih we want, then if we set hn := fn+1 ◦f
−1
n , we have only
to hek whether it's true that for any n and any x suiently large (relative to n),
the interval [hn(x), hn(x + 1) − 1[ ontains at least one prime number or not. In
the armative ase, we will dedue the existene of a real A for whih the formula
[fn(A)] gives a prime number for any positive integer n (see Theorem 1 and its
proof).
Under a onjeture less strong than the Cramér's one, we derive from this gen-
eralization two new types of expliit formulas giving prime numbers. We also give
other appliations of our main result (outside the subjet of prime numbers) and we
onlude this artile by some open questions related to the results whih we obtain.
2. Results
The main result of this artile is the following
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Theorem 1. Let I =]a, b[ (with a, b ∈ R, a < b) be an open interval of R, n0
be a non-negative integer and (fn)n≥n0 be a sequene of real funtions whih are
dierentiable and inreasing on I.
We assume that the funtions
f ′n+1
f ′n
(n ≥ n0) are nondereasing on I and that for
all x ∈ I, the numerial sequene (fn(x))n≥n0 is inreasing.
We also assume that there exists a real funtion g, nondereasing on R and verifying:
(1) g ◦ fn+1(x) ≤
f ′n+1
f ′n
(x) (∀n ≥ n0 and ∀x ∈ I).
Then, for any sequene of integers (un)n∈N, verifying: lim sup
n→+∞
un = +∞,
(2) un+1 − un ≤ g(un)− 1 (for all n suiently large)
and whose one at least of the terms un (n satisfying (2)) belongs to fn0(I)∩(fn0 (I)−
1), there exists a real A ∈ I for whih the sequene ([fn(A)])n≥n0 is an inreasing
subsequene of (un)n.
Proof: By shifting if neessary the sequene of funtions (fn)n≥n0 , we may assume
that n0 = 0 and by shifting if neessary the sequene (un)n, we may assume that
we have (more generally than (2)):
(2′) un+1 − un ≤ g(un)− 1 (for all n ∈ N).
We begin this proof by some remarks and preliminary notations whih allow to
lighten better the situation of the Theorem.
Giving n ∈ N, sine the funtion fn is assumed dierentiable (so ontinuous) and in-
reasing on I =]a, b[, then it's a bijetion from I into fn(I) =] lim
x→a
fn(x), lim
x→b
fn(x)[=
]λn, µn[, where λn := lim
x→a
fn(x) and µn := lim
x→b
fn(x) (λn and µn belong to R).
Now, let us introdue the following funtions:
hn : ]λn, µn[ −→ ]λn+1, µn+1[
hn := fn+1 ◦ f
−1
n
(∀n ∈ N).
Giving n ∈ N, sine (from the hypothesis of the Theorem), the funtions fn and
fn+1 are dierentiable and inreasing on I, then the funtion hn is dierentiable
and inreasing on ]λn, µn[. Further, the hypothesis of the Theorem onerning the
inrease of the numerial sequenes (fn(x))n (x ∈ I) amounts to:
(3) hn(x) > x (∀n ∈ N and ∀x ∈]λn, µn[).
Next, let us show that for any n ∈ N, the funtion hn is onvex on ]λn, µn[. To do
this, we hek that the derivative h′n of eah funtion hn (n ∈ N) is nondereasing
on the interval ]λn, µn[. Giving n ∈ N, we have:
h′n = (fn+1 ◦ f
−1
n )
′ = (f−1n )
′.f ′n+1 ◦ f
−1
n =
f ′n+1 ◦ f
−1
n
f ′n ◦ f
−1
n
=
(
f ′n+1
f ′n
)
◦ f−1n .
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Sine (from the hypothesis of the Theorem), the funtion
f ′n+1
f ′n
is nondereasing on
I and the funtion f−1n is inreasing on fn(I) =]λn, µn[ (beause fn is inreasing
on I), then (as a omposite of two nondereasing funtions), the funtion h′n is
nondereasing on ]λn, µn[. So the funtion hn is eetively onvex on ]λn, µn[.
The rest of this proof onsists of the three following steps:
1
st
Step: We are going to show that we have:
(4) g ◦ hn(y) ≤ hn(y + 1)− hn(y) (∀n ∈ N and ∀y ∈]λn, µn − 1[).
(We will see further that the interval ]λn, µn − 1[ is never empty).
Let n ∈ N and y ∈]λn, µn − 1[ xed and set x := f
−1
n (y).
The onvexity of hn on ]λn, µn[, proved above, implies that we have:
hn(u) ≥ h
′
n(t)(u − t) + hn(t) (for all t, u ∈]λn, µn[).
By taking in this last inequality t = y and u = y + 1, we obtain:
hn(y + 1)− hn(y) ≥ h
′
n(y)
=
(
f ′n+1
f ′n
)
(x) (beause h′n =
f ′n+1
f ′n
◦ f−1n and x = f
−1
n (y))
≥ g ◦ fn+1(x) (from the hypothesis (1) of the Theorem)
= g ◦ fn+1 ◦ f
−1
n (y)
= g ◦ hn(y).
The relation (4) follows.
2
nd
Step: We are going to onstrut an inreasing sequene (kn)n∈N of non-negative
integers suh that the subsequene of (un)n with general term vn = ukn satises:

vn ∈]λn, µn − 1[
and
hn(vn) ≤ vn+1 < hn(vn + 1)− 1
(∀n ∈ N).
We proeed by indution as follows:
• We pik k0 ∈ N suh that uk0 ∈ f0(I) ∩ (f0(I)− 1) =]λ0, µ0 − 1[. Notie that the
existene of suh integer k0 is an hypothesis of the Theorem.
• If, for some n ∈ N, an integer kn ∈ N is hosen suh that ukn ∈]λn, µn − 1[, let:
Xn := {k ∈ N | k > kn and uk ≥ hn(ukn)} .
From the hypothesis lim supn→+∞ un = +∞, this subset Xn of N is nonempty, it
thus admits a smallest element whih we take as the hoie of kn+1. So, we have:
kn+1 > kn , ukn+1 ≥ hn(ukn) and kn+1 − 1 6∈ Xn.
We laim that the fats kn+1 > kn and kn+1 − 1 6∈ Xn imply:
(5) ukn+1−1 < hn(ukn).
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Indeed: either kn+1 = kn+1 in whih ase we have ukn+1−1 = ukn < hn(ukn) (from
(3)); or kn+1 > kn + 1, that is kn+1 − 1 > kn, but sine kn+1 − 1 6∈ Xn, we are
fored to have (also in this ase) ukn+1−1 < hn(ukn) as required.
It follows that we have:
ukn+1 ≤ ukn+1−1 + g(ukn+1−1)− 1 (from (2
′
))
< hn(ukn) + g ◦ hn(ukn)− 1 (by using (5) and the non-derease of g)
≤ hn(ukn + 1)− 1 (from (4)).
Hene:
ukn+1 < hn(ukn + 1)− 1.
We thus have:
hn(ukn) ≤ ukn+1 < hn(ukn + 1)− 1.
Finally, sine the funtion hn takes its values in ]λn+1, µn+1[, then the last double
inequality does show that ukn+1 ∈]λn+1, µn+1 − 1[. This ensures the good working
of this indution proess whih gives the required sequene (kn)n.
Notie also that the subsequene (vn)n of (un)n whih we have just onstruted is
inreasing, beause for any n ∈ N, we have: vn+1 ≥ hn(vn) > vn (from (3)).
3
rd
step (onlusion): To onlude this proof, we will show the existene of a real
A ∈ I for whih we have for any n ∈ N: vn = [fn(A)].
To do this, we introdue two real sequenes (xn)n and (yn)n, with terms in I, whih
we dene by:
xn := f
−1
n (vn) and yn := f
−1
n (vn + 1) (∀n ∈ N).
Sine the funtions fn are inreasing, we have xn < yn for all n ∈ N. We laim
that the sequene (xn)n is nondereasing and that the sequene (yn)n is dereasing.
Indeed, for any n ∈ N, we have:
xn = f
−1
n (vn) = f
−1
n+1 ◦ hn(vn) ≤ f
−1
n+1(vn+1) = xn+1
and
yn = f
−1
n (vn + 1) = f
−1
n+1 ◦ hn(vn + 1) > f
−1
n+1(vn+1 + 1) = yn+1.
(Where in these last relations, we have just use the fats that f−1n+1 is inreasing
and hn(vn) ≤ vn+1 < hn(vn + 1)− 1).
The [xn, yn] (n ∈ N) are thus nested inlosed intervals of R. Consequently their
intersetion is nonempty (aording to the Cantor's intersetion theorem). Pik A
an arbitrary real belonging to this intersetion, that is: xn ≤ A ≤ yn for all n ∈ N
(in partiular A ∈ I). In fat A veries even:
xn ≤ A < yn (∀n ∈ N),
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beause if A = ym for somem ∈ N, we will have (from the dereasing of the sequene
(yn)n): A > ym+1, ontraditing the inequality A ≤ ym+1.
It follows from the inrease of the funtions fn that we have:
fn(xn) ≤ fn(A) < fn(yn) (∀n ∈ N),
that is:
vn ≤ fn(A) < vn + 1 (∀n ∈ N).
Then (sine vn is an integer for all n ∈ N):
[fn(A)] = vn (∀n ∈ N).
This ompletes the proof. 
Remarks: Mills'theorem [4℄ an be nd again by applying the above Theorem 1
for I =]1,+∞[, n0 = 0, fn(x) = x
3n
(∀n ∈ N and ∀x ∈ I), g(x) = x2/3 if x > 0
and g(x) = 0 if x ≤ 0 and (un)n the sequene of the prime numbers. In this
appliation, we hek the relation (1) of Theorem 1 by a simple alulus and we
dedue the relation (2) of the same Theorem from the Ingham's estimate quoted in
the introdution. The remaining hypothesis of Theorem 1 are immediately veried.
The Wright's theorem [6℄ an be also nd again by applying Theorem 1 for
I =]0,+∞[, n0 = 0, (fn)n∈N the sequene of funtions whih is dened on I by:
f0 = IdI and fn+1 = 2
fn (∀n ∈ N), g(x) = (log 2)x (∀x ∈ R) and (un)n the sequene
of the prime numbers. In order to hek the relation (1) of Theorem 1, remark that
we have for any n ∈ N:
f ′n+1
f ′n
= (log 2)fn+1. As for the relation (2), it's (in this
appliation) a onsequene of the prime numbers theorem; but it an be obtained
by using Chebyshev's elementary arguments (see [3℄). The remaining hypothesis of
Theorem 1 are immediately veried.
N. B. It's interesting to remark that in the two above appliations of Theorem
1, the sequene of funtions (hn)n introdued in the proof of the latter (hn :=
fn+1 ◦ f
−1
n ) is onstant. Indeed, for the rst appliation, we have hn(x) = x
3
(∀n ∈ N) and for the seond one, we have hn(x) = 2
x (∀n ∈ N). As explained in the
introdution, the fat to be able to take (hn)n not onstant is the ruial point of
our approah. In the following, we are going to give some appliations of Theorem 1
in whih this sequene (hn)n is not onstant. If we admit the following Conjeture
(whih is less strong than the Cramér's one [1℄), we obtain two new types of expliit
sequenes of prime numbers, whih grow muh more slow than the ones of Mills
and Wright.
Conjeture 2. there exists an absolute onstant k > 1 suh that:
∆pn = O
(
(log pn)
k
)
.
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Under this Conjeture, we obtain by applying Theorem 1, the two following
Corollaries:
Corollary 3. Under the above Conjeture 2, there exists for all real ξ > 1, a real
A = A(ξ) > 1 for whih the sequene ([An
ξ
])n≥1 is an inreasing sequene of prime
numbers.
Proof: Let ξ > 1 be xed, k > 1 be an admissible onstant in Conjeture 2 and
a > 1 be a real suh that:
(log x)
k+1
≤ x1/2 (∀x > a)(6)
(n+ 1)k+1 ≤ a
1
2n
ξ−1
(∀n ≥ 1).(7)
(a exists beause limx→+∞
(log x)k+1
x1/2
= 0 and limn→+∞(n+ 1)
2(k+1)
nξ−1 = 1).
We apply Theorem 1 for I =]a,+∞[, n0 = 1, fn(x) = x
nξ (∀n ≥ 1, ∀x ∈ I),
g(x) = (log x)k+1 if x > 1 and g(x) = 0 if x ≤ 1 and (un)n the sequene of the
prime numbers. Let us hek the hypothesis of Theorem 1:
The funtions fn are learly inreasing and dierentiable on I. We have f
′
n(x) =
nξxn
ξ−1
(∀n ≥ 1, ∀x ∈ I), then:
f ′n+1
f ′n
(x) = (n+1n )
ξx(n+1)
ξ−nξ
(∀n ≥ 1, ∀x ∈ I).
We thus see that the funtions
f ′n+1
f ′n
(n ≥ 1) are nondereasing on I. Further, if x
is a xed real in I, the numerial sequene (fn(x))n≥1 is learly inreasing. Now,
we have for any integer n ≥ 1 and for any real x ∈ I:
g ◦ fn+1(x) = (n+ 1)
ξ(k+1)(log x)k+1
≤ a
1
2 ξn
ξ−1
x1/2 (from (6) and (7))
≤ xξn
ξ−1
(beause x > a and ξnξ−1 > 1)
≤ x(n+1)
ξ−nξ
(beause ξnξ−1 ≤ (n+ 1)ξ − nξ)
≤
f ′n+1
f ′n
(x).
The relation (1) of Theorem 1 follows.
Next, the relation (2) of Theorem 1 (related to this appliation) follows immediately
from the onjeture 2 (admitted in this ontext). Finally, fn0(I) ∩ (fn0(I) − 1) =
]a,+∞[ does ontains prime numbers as large as we want. The hypothesis of The-
orem 1 are thus all satised, so we an apply this latter to the present situation.
The orollary 3 follows from this appliation. 
Corollary 4. Assume that Conjeture 2 is true and let k > 1 be an admissible
onstant in this Conjeture. Then, for any positive real ε, there exists an integer
n0 = n0(ε, k) ≥ 1 and a real B = B(ε, k) > 0 suh that the sequene ([B.n!
k+ε])n≥n0
is an inreasing sequene of prime numbers.
8 B. FARHI
Proof: let ε be a xed positive real. From Conjeture 2 (admitted with the onstant
k > 1), there exists a positive real ck for whih we have:
(8) pn+1 − pn ≤ ck(log pn)
k (∀n ∈ N).
We apply Theorem 1 for I =]1, 2[, n0 ≥ 2 an integer (depending on k and ε) whih
we pik large enough that we have:
(9) ck ((k + ε)(n+ 1) log(n+ 1) + log 2)
k + 1 ≤ (n+ 1)k+ε (∀n ≥ n0),
fn(x) = n!
k+εx (∀n ≥ n0, ∀x ∈ I), g(x) = ck(log x)
k + 1 if x > 1 and g(x) = 1
if x ≤ 1 and (un)n the sequene of the prime numbers. In this situation, we an
easily hek that the hypothesis of Theorem 1 are all satised. We just note that the
relation (1) follows from (9), the relation (2) follows from (8) and the last hypothesis
of Theorem 1 onerning the sequene (un)n = (pn)n is a onsequene of Bertrand's
postulate. Corollary 4 follows from this appliation. 
Apart from the ontext of the prime numbers, we have the following
Corollary 5. Let (un)n∈N be a sequene of integers suh that: 1 ≤ lim sup
n→+∞
(un+1 −
un) < +∞. Then, we have:
(1) For any positive real λ, there exists a real A > 1 for whih the sequene
([λAn])n≥1 is an inreasing subsequene of (un)n.
(2) For any real A > lim supn→+∞(un+1 − un) + 1, there exists a positive real
λ for whih the sequene ([λAn])n≥1 is an inreasing subsequene of (un)n.
Some open problems related to the preeding study: We ask (under or
without Cramér's Conjeture) the following questions:
(1) Does there exists a real number A > 1 for whih [An] is a prime number
for any positive integer n? (This orresponds to the ase ξ = 1 whih is
exluded from Corollary 3).
(2) More generally than (1), does there exists a ouple of real numbers (λ,A),
with λ > 0, A > 1, for whih [λAn] is a prime number for any positive
integer n? (This is related to Corollary 5).
(3) Does there exists a real number B > 1 for whih [B.n!2] is a prime num-
ber for any suiently large non-negative integer n? (This is related to
Corollary 4).
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